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Some basic notations

Let G be a graph, and let V1, V2, ..., Vk be a k -partition of V (G).

We denote by e(Vi) the number of edges of the subgraph of G
induced by Vi , and by e(V1,V2, ...,Vk ) the number of edges with
ends in distinct sets, namely,

e(V1,V2, ...,Vk ) = |E(G)| −
k∑

i=1

e(Vi).

Let h(m) =
√

2m + 1
4 −

1
2 , and let Kn denote the complete graph

with n vertices.
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k -partition problem

As early as in 1973, Edwards [1,2] proved that

Edwards [1,2].
If G is a graph with m edges, then V (G) admits a partition V1 and V2
such that e(V1,V2) ≥ m

2 + 1
4h(m). This bound is best possible as

evidently by K2n+1.

[1] C. S. Edwards, [ Canadian J. Math., 25 (1973) 475–485.]

[2] C. S. Edwards, [in Proc. 2nd Czechoslovak Symposium on
Graph Theory, Prague, (1975) 167–181.]
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k -partition problem

26 years later, Bollobás and Scott [3] extended Edwards’s result,
and proved that

Bollobás and Scott [3].
If G is a graph with m edges, then V (G) has a partition V1 and V2 such
that e(V1,V2) ≥ m

2 + 1
4h(m), and max{e(Vi) : 1 ≤ i ≤ 2} ≤ m

4 + 1
8h(m).

[3] B. Bollobás, A. D. Scott, [ Combinatorica 19 (1999) 473–486.]

Muhuo Liu Some results on partition problems of graphs



k -partition problem

26 years later, Bollobás and Scott [3] extended Edwards’s result,
and proved that

Bollobás and Scott [3].
If G is a graph with m edges, then V (G) has a partition V1 and V2 such
that e(V1,V2) ≥ m

2 + 1
4h(m), and max{e(Vi) : 1 ≤ i ≤ 2} ≤ m

4 + 1
8h(m).

[3] B. Bollobás, A. D. Scott, [ Combinatorica 19 (1999) 473–486.]

Muhuo Liu Some results on partition problems of graphs



k -partition problem

26 years later, Bollobás and Scott [3] extended Edwards’s result,
and proved that

Bollobás and Scott [3].
If G is a graph with m edges, then V (G) has a partition V1 and V2 such
that e(V1,V2) ≥ m

2 + 1
4h(m), and max{e(Vi) : 1 ≤ i ≤ 2} ≤ m

4 + 1
8h(m).

[3] B. Bollobás, A. D. Scott, [ Combinatorica 19 (1999) 473–486.]

Muhuo Liu Some results on partition problems of graphs



k -partition problem

In the sequel, Bollobás and Scott [4] proved that every graph G
with m edges admits a k -partition such that

e(V1,V2, ...,Vk ) ≥ k − 1
k

m +
k − 1

2k
h(m)− (k − 2)2

8k
, (1)

and they also [3] proved that the vertex set of a graph with m
edges can be partitioned into V1, V2, ..., Vk such that

max{e(Vi) : 1 ≤ i ≤ k} ≤ m
k2 +

k − 1
2k2 h(m). (2)

The complete graph Kkn+1 is an extremal graph to bound (2), and
Kkn+ k

2
is an extremal graph to bound (1) when k is even.

[4] B. Bollobás, A. D. Scott, [ Bolyai Soc. Math. Stud. 10 (2002)
185–246.]
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k -partition problem

Motivated by inequalities (1) and (2), Bollobás and Scott [5] asked
the following interesting problem.

Bollobás and Scott [5].
Does every graph G with m edges have a k -partition of V (G) such that
both (1) and (2) hold?

By [3], B. Bollobás and A. D. Scott’s Problem has a positive
answer for k = 2, but it still remains to be an open problem for the
general case.

[3] B. Bollobás, A. D. Scott, [ Combinatorica 19 (1999) 473–486.]

[5] B. Bollobás, A.D. Scott, [ Random Structures Algorithms 21
(2002) 414–430.]
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k -partition problem

In this line, Xu and Yu [6,7] proved the existence of a k -partition
satisfying bound (2) and close to bound (1), that is

Xu and Yu [6,7]
If G is a graph with m edges and k ≥ 2 is an integer, then V (G) has a
k -partition such that e(V1,V2, . . . ,Vk ) ≥ k−1

k m + k−1
2k h(m)− 17k

8 and
(2) hold.

Fan et al. [8] proved the existence of a k -partition satisfying bound
(1) and close to bound (2), that is

Fan, Hou, Zeng [8]
If G is a graph with m edges and k ≥ 2 is an integer, then V (G) has a
k -partition such that (1) and max1≤i≤k{e(Vi)} ≤ m

k2 + k−1
2k2 h(m) + 2

3
hold.
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k -partition problem

[6] B. Xu and X. Yu, [ J. Combin. Theory Ser. B 99 (2009)
324–337.]

[7] B. Xu and X. Yu, [ Combin. Probab. Comput. 20 (2011)
631–640.]

[8] G. Fan, J. Hou, and Q. Zeng, [ Discrete Appl. Math. 179 (2014)
86–99.]
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Our results on k -partition problem

Recently, we improved Xu and Yu’s result [6,7] and showed that

Liu and Xu [9]
If G is a graph with m edges, and k ≥ 2 is an integer, then V (G) has a
k -partition such that e(V1, . . . ,Vk ) ≥ k−1

k m + k−1
2k h(m)− (k−2)2

2(k−1) and (2)

hold.

Furthermore, we also proved that

Liu and Xu [9]
Let G be a graph with m edges, and k ≥ 2 be an integer. If
m ≥ 9

128k4(k − 2)2, and G contains at most 1
k h(m)− 1

8(3k2 − 6k − 11)
vertices with degrees being multiples of k , then V (G) has a k -partition
satisfying both (1) and (2).

[9] M. Liu, B. Xu [ M. Liu, B. Xu, J. Comb. Optim.,
31(2016),1383-1398].

Muhuo Liu Some results on partition problems of graphs



Our results on k -partition problem

Recently, we improved Xu and Yu’s result [6,7] and showed that

Liu and Xu [9]
If G is a graph with m edges, and k ≥ 2 is an integer, then V (G) has a
k -partition such that e(V1, . . . ,Vk ) ≥ k−1

k m + k−1
2k h(m)− (k−2)2

2(k−1) and (2)

hold.

Furthermore, we also proved that

Liu and Xu [9]
Let G be a graph with m edges, and k ≥ 2 be an integer. If
m ≥ 9

128k4(k − 2)2, and G contains at most 1
k h(m)− 1

8(3k2 − 6k − 11)
vertices with degrees being multiples of k , then V (G) has a k -partition
satisfying both (1) and (2).

[9] M. Liu, B. Xu [ M. Liu, B. Xu, J. Comb. Optim.,
31(2016),1383-1398].

Muhuo Liu Some results on partition problems of graphs



Our results on k -partition problem

Recently, we improved Xu and Yu’s result [6,7] and showed that

Liu and Xu [9]
If G is a graph with m edges, and k ≥ 2 is an integer, then V (G) has a
k -partition such that e(V1, . . . ,Vk ) ≥ k−1

k m + k−1
2k h(m)− (k−2)2

2(k−1) and (2)

hold.

Furthermore, we also proved that

Liu and Xu [9]
Let G be a graph with m edges, and k ≥ 2 be an integer. If
m ≥ 9

128k4(k − 2)2, and G contains at most 1
k h(m)− 1

8(3k2 − 6k − 11)
vertices with degrees being multiples of k , then V (G) has a k -partition
satisfying both (1) and (2).

[9] M. Liu, B. Xu [ M. Liu, B. Xu, J. Comb. Optim.,
31(2016),1383-1398].

Muhuo Liu Some results on partition problems of graphs



Our results on k -partition problem

Recently, we improved Xu and Yu’s result [6,7] and showed that

Liu and Xu [9]
If G is a graph with m edges, and k ≥ 2 is an integer, then V (G) has a
k -partition such that e(V1, . . . ,Vk ) ≥ k−1

k m + k−1
2k h(m)− (k−2)2

2(k−1) and (2)

hold.

Furthermore, we also proved that

Liu and Xu [9]
Let G be a graph with m edges, and k ≥ 2 be an integer. If
m ≥ 9

128k4(k − 2)2, and G contains at most 1
k h(m)− 1

8(3k2 − 6k − 11)
vertices with degrees being multiples of k , then V (G) has a k -partition
satisfying both (1) and (2).

[9] M. Liu, B. Xu [ M. Liu, B. Xu, J. Comb. Optim.,
31(2016),1383-1398].

Muhuo Liu Some results on partition problems of graphs



Our results on k -partition problem

With the similar arguments as that used in [9], we also improved
the result of [8] by showing that

Liu and Xu [10]
If G is a graph with m edges, and k ≥ 2 is an integer, then V (G)
admits a k -partition such that (1) and
max{e(Vi) : 1 ≤ i ≤ k} ≤ m

k2 + k−1
2k2 h(m) + 3

8 −
7k−4
8k2 hold.

[10] M. Liu, B. Xu [ Acta Mathematica Sinica, 59(2016),247-252
(in Chinese).]
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Bipatition problem with minimum degree

Let G[X ] be the subgraph of G induced by X ⊆ V (G) and δ(X ) be
the minimum degree of G[X ]. As usual, let δ(G) be the minimum
degree of G.

Suppose that (X ,Y ) is a partition of V (G). If −1 ≤ |X | − |Y | ≤ 1,
then (X ,Y ) is called a bisection of G. If b1

2 |V (G)|c − 2 ≤ |X | ≤ |Y |
≤ d1

2 |V (G)|e+ 2, then (X ,Y ) is called an almost bisection of G.

Suppose that A ⊆ V (G) and x ∈ V (G). Then, dA(x) = |N(x) ∩ A|.

Muhuo Liu Some results on partition problems of graphs



Bipatition problem with minimum degree

Let G[X ] be the subgraph of G induced by X ⊆ V (G) and δ(X ) be
the minimum degree of G[X ]. As usual, let δ(G) be the minimum
degree of G.

Suppose that (X ,Y ) is a partition of V (G). If −1 ≤ |X | − |Y | ≤ 1,
then (X ,Y ) is called a bisection of G. If b1

2 |V (G)|c − 2 ≤ |X | ≤ |Y |
≤ d1

2 |V (G)|e+ 2, then (X ,Y ) is called an almost bisection of G.

Suppose that A ⊆ V (G) and x ∈ V (G). Then, dA(x) = |N(x) ∩ A|.

Muhuo Liu Some results on partition problems of graphs



Bipatition problem with minimum degree

Let G[X ] be the subgraph of G induced by X ⊆ V (G) and δ(X ) be
the minimum degree of G[X ]. As usual, let δ(G) be the minimum
degree of G.

Suppose that (X ,Y ) is a partition of V (G). If −1 ≤ |X | − |Y | ≤ 1,
then (X ,Y ) is called a bisection of G. If b1

2 |V (G)|c − 2 ≤ |X | ≤ |Y |
≤ d1

2 |V (G)|e+ 2, then (X ,Y ) is called an almost bisection of G.

Suppose that A ⊆ V (G) and x ∈ V (G). Then, dA(x) = |N(x) ∩ A|.

Muhuo Liu Some results on partition problems of graphs



Thomassen’s partition problems of graphs with
constraints on the minimum degree

In 1981, E. Győri in the “Sixth Hungarian Colloquim on
Combinatorics" held at Eger asked the following problem (see [1])

Problem 1:
For each pair s, t of natural numbers, whether there exists a natural
number f (s, t) such that the vertex set of each graph of connectivity at
least f (s, t) can be decomposed into nonempty sets, which induce
subgraphs of connectivity at least s and t , respectively.

[1] P. Hajnal, [ Combinatorica, 3 (1983) 95–99.]
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Background

In 1983, Thomassen [2] and M. Szegedy independently (see [1])
proved the existence of f (s, t).

Furthermore, Hajnal [1] proved that f (s, t) ≤ 4s + 4t − 13.

[1] P. Hajnal, [ Combinatorica, 3 (1983) 95–99.]

[2] C. Thomassen, [ J. Graph Theory, 7 (1983) 165–167.]
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Background

Let s and t be two nonnegative integers, and let g(s, t) be the
smallest integer such that every graph G with δ(G) ≥ g(s, t)
admits a partition (X ,Y ) such that δ(X ) ≥ s and δ(Y ) ≥ t .

In this case, (X ,Y ) is also called an (s, t)-bipartition of G.

To prove the existence of f (s, t), Thomassen [2] showed that
g(k , k) ≤ 12k , and Hajnal [1] improved this bound to
g(s, t) ≤ t + 2s − 3.

Furthermore, Thomassen put forward [2] the following conjecture.

Conjecture [2]:
g(s, t) ≤ s + t + 1. This bound is best possible as by Ks+t+1.

[1] P. Hajnal, [ Combinatorica, 3 (1983) 95–99.]
[2] C. Thomassen, [ J. Graph Theory, 7 (1983) 165–167.]
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[2] C. Thomassen, [ J. Graph Theory, 7 (1983) 165–167.]
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Background

13 years later, Stiebitz [3] confirmed Thomassen’s conjecture, with
an elegant argument, and proved that

Theorem [3].
Let G be a graph and a,b : V (G) 7−→ N0 two functions. Suppose that
dG(v) ≥ a(v) + b(v) + 1 for each vertex v of G. Then, there exists a
partition of V (G) into A and B such that

(1) dA(x) ≥ a(x) for each x ∈ A, and

(2) dB(y) ≥ b(y) for each y ∈ B.

Stiebitz also asked if g(s, t) ≤ s + t for triangle-free graphs.

[3] M. Stiebitz, [ J. Graph Theory, 23 (1996) 321–324.]
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Background

Recently, X. Hu, Y. Zhang and Y. Chen [4] slightly improved
Stiebitz’s result to

Theorem [4].
If δ(G) ≥ 4 and |V (G)| ≥ 6, then G admits a (2,2)-partition.

[4] X. Hu, Y. Zhang and Y. Chen, [ Bull. Aust. Math. Soc.,
91(2014),177–182.]
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Background

In [5], Kaneko answered Stiebitz’s problem and he proved that
g(s, t) ≤ s + t holds for triangle-free graphs

The complete bipartite graph Ks+t−1,s+t−1 shows that
g(s, t) ≤ s + t is best possible for triangle-free graphs.

[3] M. Stiebitz, [ J. Graph Theory, 23 (1996) 321–324.]

[5] A. Kaneko, [ J. Graph Theory 27 (1998) 7–9.]
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Background

In 2000, Diwan [6] showed that

Theorem: [6]
If s ≥ 2, t ≥ 2 and g(G) ≥ 5, then g(s, t) ≤ s + t − 1.

In 2004, Gerber and Kobler [7] generalized Diwan’s result

Theorem [7]:
Let a,b : V (G) 7−→ N \ {1} be two functions and g(G) ≥ 5. If dG(v) ≥
a(v) + b(v)− 1 for each vertex v of G and g(G) ≥ 5, then there exists
a partition of V (G) into A and B such that

(1) dA(x) ≥ a(x) for each x ∈ A, and (2) dB(y) ≥ b(y) for each y ∈ B.

[6] A. A. Diwan, [ J. Graph Theory 33 (2000) 237–239.]
[7] M. U. Gerber and D. Kobler, [ Australas. J. Combin. 29 (2004)
201–214.]
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Main results

Recently, we [8] improved Kaneko’s result and showed that

Theorem [8]:
Let G be a (K4 − e)-free graph with |V (G)| ≥ 4, and a,b : V (G) 7−→ N
be two functions. If dG(v) ≥ a(v) + b(v) for each vertex v of G, then
there exists a partition of V (G) into A and B such that

(1) dA(x) ≥ a(x) for each x ∈ A, and (2) dB(y) ≥ b(y) for each y ∈ B.

Let G = K4 − e, and let a,b : V (G) 7−→ N be two functions such
that a(x) = d(x)− 1 and b(x) = 1 for each vertex x ∈ V (G).
Then, (K4 − e)-free is necessary in our result.

[8] M. Liu, B. Xu [ Discrete Appl. Math., 226 (2017), 87–93.]
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Main results

Furthermore, we [8] improved the main results of [6,7] to

Theorem [8]:
Let G be a triangle-free graph in which no two quadrilaterals share
edges, and a,b : V (G) 7−→ N \ {1} be two functions. If dG(v) ≥ a(v)
+b(v)− 1 for each vertex v of G, then G admits a partition A and B
such that.

(1) dA(x) ≥ a(x) for each x ∈ A, and (2) dB(y) ≥ b(y) for each y ∈ B.

We did not find the extremal graphs. But the complete bipartite
graph K3,3 shows that the restriction on the sparsity of
quadrilaterals cannot be relaxed too much if we let
a(x) = b(x) = 2 for each x .

[8] M. Liu, B. Xu [ Discrete Appl. Math., 226 (2017), 87–93.]
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Further problems

We think the following two problems are interesting

Problem 1:
If s ≥ 2 and t ≥ 2, is it true that g(s, t) ≤ s + t − 1 for (K3,K2,3)-free
graph G?

Problem 2:
What is the bound g(s, t) for general graph G with g(G) = k .
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The crucial lemma to the proof

A pair (A,B) of disjoint subsets A and B of V (G) is said to be
(a,b)-feasible if dA(x) ≥ a(x) for each x ∈ A and dB(y) ≥ b(y) for
each y ∈ B. An (a,b)-feasible partition is just an (a,b)-feasible
pair (A,B) with A ∪ B = V (G).

Key Lemma [3]:
For any two functions a,b : V (G) 7−→ N such that dG(v) ≥ a(v) + b(v)
−1, if G has an (a,b)-feasible pair, then it admits an (a,b)-feasible
partition.

[3] M. Stiebitz, [ J. Graph Theory, 23 (1996) 321–324.]

Muhuo Liu Some results on partition problems of graphs



The crucial lemma to the proof

A pair (A,B) of disjoint subsets A and B of V (G) is said to be
(a,b)-feasible if dA(x) ≥ a(x) for each x ∈ A and dB(y) ≥ b(y) for
each y ∈ B. An (a,b)-feasible partition is just an (a,b)-feasible
pair (A,B) with A ∪ B = V (G).

Key Lemma [3]:
For any two functions a,b : V (G) 7−→ N such that dG(v) ≥ a(v) + b(v)
−1, if G has an (a,b)-feasible pair, then it admits an (a,b)-feasible
partition.

[3] M. Stiebitz, [ J. Graph Theory, 23 (1996) 321–324.]

Muhuo Liu Some results on partition problems of graphs



The crucial lemma to the proof

A pair (A,B) of disjoint subsets A and B of V (G) is said to be
(a,b)-feasible if dA(x) ≥ a(x) for each x ∈ A and dB(y) ≥ b(y) for
each y ∈ B. An (a,b)-feasible partition is just an (a,b)-feasible
pair (A,B) with A ∪ B = V (G).

Key Lemma [3]:
For any two functions a,b : V (G) 7−→ N such that dG(v) ≥ a(v) + b(v)
−1, if G has an (a,b)-feasible pair, then it admits an (a,b)-feasible
partition.

[3] M. Stiebitz, [ J. Graph Theory, 23 (1996) 321–324.]

Muhuo Liu Some results on partition problems of graphs



Maurer’s partition problems of graphs with constraints
on the minimum degree

While studying graph colorings with some particular properties,
Maurer proved an interesting result (see [9]).

Theorem (see [9]):
Let G be a connected graph with n vertices and δ(G) ≥ 2. Then, for
any positive integer k with 2 ≤ k ≤ n − 2, G admits a (1,1)-partition
(X ,Y ) such that |X | = k and |Y | = n − k .

In 1998, Arkin and Hassin [10] proved that

Theorem [10]:
Every graph G has a bisection (X ,Y ) such that
δ(X ) + δ(Y ) ≥ δ(G)− 1.

[9] J. Sheehan, [ J. Graph Theory 14 (1990) 673–685.]
[10] E. M. Arkin and R. Hassin, [ Discrete Math. 190 (1998)
55–65.]
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Main result

In [11], we have improved the results of both [9] and [10] via
proving that

Theorem [11]:
Let G be a connected graph with n vertices and δ(G) ≥ 2. Then, for
any positive integer k with 2 ≤ k ≤ n − 2, G admits a (1,1)-partition
(X ,Y ) such that |X | = k and |Y | = n− k , and δ(X ) + δ(Y ) ≥ δ(G)− 1.

The graph Kn (n ≥ 4) shows that the bound δ(X ) + δ(Y ) ≥ δ(G)
−1 in our result is optimal.

[9] J. Sheehan, [ J. Graph Theory 14 (1990) 673–685.]
[10] E. M. Arkin and R. Hassin, [ Discrete Math. 190 (1998)
55–65.]
[11] M. Liu and B. Xu, [ Sci China Math, 58(2015), 869–874.]
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Almost bisection problem of graphs with constraints on
the minimum degree

In 1998, Arkin and Hassin [10] conjectured that

Conjecture [10]:
Each graph G with δ(G) ≥ 4 admits a (2,2)-partition (X ,Y ) such that
b1

2 |V (G)|c − 2 ≤ |X | ≤ |Y | ≤ d1
2 |V (G)|e+ 2.

K5 is a counterexample to Arkin and Hassin’s conjecture, but it is
still open for n ≥ 6.

Theorem [4].

If Ḡ contains no K3,r , where r = bn
2c − 3, then Arkin and R. Hassin’s

conjecture holds for graph G with n vertices.

[4] X. Hu, Y. Zhang and Y. Chen, [ Bull. Aust. Math. Soc.,
91(2014),177–182.]
[10] E. M. Arkin and R. Hassin, [ Discrete Math. 190 (1998)
55–65.]

Muhuo Liu Some results on partition problems of graphs



Almost bisection problem of graphs with constraints on
the minimum degree

In 1998, Arkin and Hassin [10] conjectured that

Conjecture [10]:
Each graph G with δ(G) ≥ 4 admits a (2,2)-partition (X ,Y ) such that
b1

2 |V (G)|c − 2 ≤ |X | ≤ |Y | ≤ d1
2 |V (G)|e+ 2.

K5 is a counterexample to Arkin and Hassin’s conjecture, but it is
still open for n ≥ 6.

Theorem [4].

If Ḡ contains no K3,r , where r = bn
2c − 3, then Arkin and R. Hassin’s

conjecture holds for graph G with n vertices.

[4] X. Hu, Y. Zhang and Y. Chen, [ Bull. Aust. Math. Soc.,
91(2014),177–182.]
[10] E. M. Arkin and R. Hassin, [ Discrete Math. 190 (1998)
55–65.]

Muhuo Liu Some results on partition problems of graphs



Almost bisection problem of graphs with constraints on
the minimum degree

In 1998, Arkin and Hassin [10] conjectured that

Conjecture [10]:
Each graph G with δ(G) ≥ 4 admits a (2,2)-partition (X ,Y ) such that
b1

2 |V (G)|c − 2 ≤ |X | ≤ |Y | ≤ d1
2 |V (G)|e+ 2.

K5 is a counterexample to Arkin and Hassin’s conjecture, but it is
still open for n ≥ 6.

Theorem [4].
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